Fuzzy prime ideals of rings  by Swamy, U.M & Swamy, K.L.N
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 134, 94103 (1988) 
Fuzzy Prime Ideals of Rings 
U. M. SWAMY AND K. L. N. SWAMY 
Department of Mathematics, Andhra University, 
Waltair 530 003, India 
Submitted by L. Zadeh 
Received February 18, 1986 
The notions of fuzzy ideal and fuzzy prime ideal of a ring with truth values in a 
complete lattice satisfying the infinite meet distributive law are introduced which 
generalize the existing notions with truth values in the unit interval of real numbers. 
A procedure to construct any fuzzy ideal from a family of ideals with certain con- 
ditions is established. All fuzzy prime (maximal) ideals of a given ring are deter- 
mined by establishing a one-to-one correspondence between fuzzy prime (maximal) 
ideals and the pairs (P, a), where P is a prime (maximal) ideal of the ring and a is a 
prime element (dual atom) in the complete lattice. 0 1988 Academic Press, Inc. 
INTRODUCTION 
In [3], we have studied L-fuzzy congruences of Q-algebras, where L is a 
complete lattice satisfying the infinite meet distributive law, and observed 
that, in any ring R, the L-fuzzy congruences correspond one-to-one to the 
L-fuzzy ideals. Wang-Jing Liu [4] introduced the notion of a fuzzy ideal of 
a ring in the case when L is the unit interval [0, l] of real numbers and 
Mukherjee and Sen [2] have continued the study of fuzzy ideals by 
introducing the notion of a fuzzy prime ideal, and have proved that an 
ideal is prime if and only if its characteristic function is a fuzzy prime ideal. 
In this paper, we study L-fuzzy prime ideals and L-fuzzy maximal ideals, 
where L is a complete lattice satisfying the infinite meet distributive law as 
in [3]. In [2]. Mukherjee and Sen have attempted to determine all non- 
null fuzzy prime ideals in the special case where R is the ring of integers 
and L is the unit interval [0, 11, which is a complete chain. In this paper, 
we determine all L-fuzzy prime ideals and L-fuzzy maximal ideals of a 
general ring, with L not ncessarily [0, 11, by proving that the L-fuzzy 
prime (maximal) ideals are precisely L-fuzzy ideals P given by 
P(x) = 
{ 
1 if xoZ 
a if ~$1, 
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where I is a prime (maximal) ideal of R and a is a prime element (dual 
atom) in L. We do not confine ourselves to the case L = [0, 1 ] only, not 
just because with any L is a more general set up, but also because we 
observe that, if one confines only to the case L = [0, 11, no ring will 
possess any fuzzy maximal ideals. Instead, if L has some dual atoms, then a 
ring R will possess fuzzy maximal ideals if and only if it possesses maximal 
ideals. 
Now let L be a complete lattice; i.e., there is a partial order < on L such 
that, for any SE L, inlimum of S and supremum of S exist and these will 
be denoted by A\,, s s and Vsss s, respectively. In particular, for any 
elements a, h E L, inf(a, b} and sup(a, b} will be denoted by a A b and 
a v h, respectively. Also, L is a distributive lattice with a least element 0 
and a greatest element 1. 
Throughout this paper, L stands for a non-trivial complete lattice in 
which the infinite meet distributive law 
a AS) forany ScLandaEL 
holds and R stands for a ring (R, +, .) which need not be commutative 
and need not possess the multiplicative identity. We consider L-fuzzy sub- 
sets of R in the sense of Goguen [ 11. Accordingly, an L-fuzzy subset of R is 
a mapping of R into L. If L is the unit interval [0, l] of real numbers, 
these are the usual fuzzy subsets of R. For the sake of convenience, we 
write fuzzy subset instead of L-fuzzy subset. A fuzzy subset A: R -+ L is said 
to be non-empty if it is not the constant map which assumes the value 0 
of L. We begin with the following. 
DEFINITION 1.1. A non-empty fuzzy subset A of R is said to be an ideal 
if and only if, for any x, ye R, A(x- y) >, A(x) A A(y) and A(xy) 3 
A(x) v A(Y). 
It can be easily seen that a non-empty fuzzy subset A of R is an ideal of 
R if and only if, for any a E L, A- ’ [a, l] is empty or an ideal of R. This 
shows that these fuzzy ideals are just the fuzzy Y-systems considered in 
[3] when R is treated as an Q-algebra and Y is the class of all ideals of R. 
Further, if L is the unit interval [0, l] of real numbers, these fuzzy ideals 
are just the fuzzy ideals considered by Wang-Jin Liu [4] and Mukherjee 
and Sen [2]. 
For any fuzzy subsets A and B of R, we write A <B to mean 
A(x) < B(x) in the ordering of L, for all x in R, and the expressions A A B, 
A v B, A + B, A - B, A 0 B, rA, and Ar, for any r in R, mean the following 
fuzzy subsets of R: 
96 SWAMY AND SWAMY 
(A A B)(x)=A(x) A B(x) 
(A v B)(x)=A(x) v B(x) 
(A oB)(X)= v {A(Y) A B(Z)) JJ:=x 
(rA)(x)= v A(Y) 
‘,b = I 
W)(x)= v A(Y) for any x in R. 
yr=lr 
For any given x, if there do not exist y, z in R such that x = y . z, then, 
obviously (A 0 B)(x) = 0, being the supremum of the empty set, and the 
same is true in the cases of rA and AK 
Now one can immediately observe that a non-empty fuzzy subset A of R 
is a fuzzy ideal iff A - A < A, (rA) v (Ar) d A for all r E R. 
For any subset S of R, if 3, denotes the characteristic function of S tak- 
ing values in L, then, one can easily prove that !& is a fuzzy ideal iff S is an 
ideal of R. Also one can observe that, for any ideals I and J of R, %,nJ = 
f& A XJ, %+.I = TJ + LEJ = 3, - 2” and, for any r in R, .!& = r%, and 
f& = 2&r. 
For any SE R, we write (S) for the ideal generated by S (i.e., the 
smallest ideal containing S) in R. It is well known that (S) consists of finite 
sums of elements of the form ra + as + uav + na, where a E S, r, s, u, u E R, 
and n is an integer. The following will be used repeatedly throughout this 
paper. 
LEMMA 1.1. Let A be a fuzzy ideal of R, S = {a,, a2, . . . . a,,,} c R, and x, 
y E R. We have 
(i) x E (S) *A(x) 2 AyE, A(aJ, 
(ii) x E (Y) *A(x) > A(Y), 
(iii) A(0) 2 A(x), 
(iv) if R has the multiplicative identity 1, then A(x) 2 A( 1). 
Proof: Parts (ii), (iii), and (iv) follow from (i). To prove (i), let x E (S). 
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Then x is a finite sum of elements of the form rai + ais+ ua,u+ na,, 
1 di<m, r, s, u, u E R, and n is an integer. Since A is an ideal, we have 
A(ra;+u,s+uu,u+nu;)~A(ru;) A A(a,s) A A(uu,o) 
A A(na,) 3 A(%) 
and hence A(x) 3 /$‘!! 1 A(a,). 
If {A, 1 u E A } is a family of fuzzy ideals of R, then clearly A,, d A, (the 
pointwise infimum of AZ’s) is empty or a fuzzy ideal of R and, in particular, 
if A is any non-empty fuzzy subset of R, then the pointwise infimum of all 
fuzzy ideals containing A is non-empty and hence is a fuzzy ideal which 
becomes the fuzzy ideal A generated by A. The following gives a precise 
description of A. 
THEOREM 1.1. Let A be a non-empty fuzzy subset of R. Then the fuzzy 
ideal 2 generated by A is giuen by 
J(x) = v A A(u)lx E (F), F is a non-empty finite subset of R 
UCF 
for any x E R. 
Proof Clearly A < A and hence A is non-empty. Let x, y E R. If F 
and G are non-empty finite subsets of R and if x E (F) and y E (G), then 
x- J’E (Fu G) so that 
2(x-y)>, /‘/ A(a)= /j A(a) 
ueFuC (us, ) A (?, A(u))’ 
This, together, with the infinite meet distributive law in L, implies that 
A(x - y) 2 I(x) A A(y). Further, if Fc R and x E (F) or y E (F), then 
xy E (F) and hence A(xy) 2 A(x) v A(y). Thus ,? is a fuzzy ideal of R. If B 
is any fuzy ideal of R and A < B, then, for any finite set F in R and x E (F), 
we have, by Lemma 1.1, 
B(x)> /j B(u) 2 A A(a) 
UEF UCF 
and hence B(x) 3 A(x) for all x E R, so that 2 d B. 
We remark here that the empty fuzzy subset of R need not generate any 
fuzzy ideal at all. For, if L is the four-element lattice with two incom- 
parable elements a and b, and if A and B are the constant maps from R to 
L given by A(x) = u, B(x) = b for all x in R, then, A and B are fuzzy ideals 
of R such that A A B is the empty fuzzy subset of R. This shows that the 
set FI(R) of all fuzzy ideals of R may not form a lattice in general. 
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However, if L is the unit interval [0, 1 J, FI(R) is a lattice which is 
conditionally complete but not complete. 
However, if {Aa}iXpd is any non-empty family of fuzzy ideals, then, the 
ideal C generated by the fuzzy subset C given by C(x) = Vat4 A,(x) is the 
supremum; but the infimum may not exist (even in the case L = [0, l] of 
real numbers). But one can see that the set of all fuzzy ideals A with 
A(0) = 1 forms a complete lattice in which the intimums are those in FI(R) 
and the supremum V, A, of any {Ab} is given by 
and in particular for any two fuzzy ideals A, B with A(O)=B(O)= 1, the 
join A v B is just A + B. 
Also, it can be seen that the correspondence ZH S$ establishes a 
monomorphism from the complete lattice of all ideals of the ring R into the 
above complete lattice. 
The following theorem establishes the relation between the ideals of the 
ring and fuzzy ideals and in fact gives a procedure for constructing fuzzy 
ideals from ideals of R. Before stating the theorem, let us recall from [3] 
that if 0 is a fuzzy congruence on the ring R then the fuzzy subset Z, defined 
by IO(x) = 0(x, 0) is a fuzzy ideal of R and that, if Z is a fuzzy ideal, the 
relation 9, defined by 0,(x, y) = Z(x - v) is a fuzzy congruence and the 
correspondence 6’ HZ, and ZH 0, are inverses of each other. Also under 
this correspondence, for any fuzzy congruence 8, for any a in L, V ’ [a, 1 ] 
is empty iff I-’ [a, 1 ] is empty, and in the case when 8- ‘[a, 1 ] is non- 
empty, the ideal corresponding to the congruence e-l[a, 1) is the ideal 
I-‘[a, 1). Now, the following is a consequence of Theorem 1.2 of [3]. 
THEOREM 1.2. Let A be a non-zero meet subsemilattice of L (i.e., fzr # 
A# {0) and a A beA whenever a, bEA) and let {Ar}acd be a family of 
ideals of R such that, to each x in R, there exists a A(x) in A such that 
x E A, iff a d A(x) for any a in A. Then the fuzzy subset A is a fuzzy ideal of 
R; conversely any fuzzy ideal of R can be obtained as above. 
We have the following corollary which plays an important role in the 
determination of fuzzy prime ideals and maximal ideals. 
COROLLARY 1.1. Let Z be any ideal of R and let a < B # 0 be elements in 
L. Then the fuzzy subset A defined by 
A(x) = P 
if XEZ 
a otherwise, 
is a fuzzy ideal. 
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Proof Take A=(a,j?}, A,=R, and A,=I. 
2. FUZZY PRIME IDEALS 
For any ideals I and .I of the ring R, we have the product ZJ defined by 
ZJ={XER(X=C?=,~~Z~~ J'iEZ, ZiEJ}. 
Analogously for fuzzy ideals A and B of R we introduce the product .4B 
as the fuzzy subset defined by 
(W(x)= v (;(A(.~;) A B(z,))) for any x in R. 
r= L “I-, 
It can be easily seen that AB is a fuzzy ideal whenever AB is non-empty 
and in which case it is in fact the fuzzy ideal generated by A 0 B, which is 
given by (A 0 B)(x) = Vlr = .~ (A(y) A B(z)) for all x E R. Also, for any fuzzy 
ideal C, A 0 B f C if and only if AB < C. Further, for any ideals I and J of 
R, Z,.?& = !Z,J. These facts show that the following definition is analogous 
to that of a prime ideal of R. Let us recall that a proper ideal P of R is said 
to be prime if and only if, for any ideals I and J of R, IJ_c P implies that 
either I&P or Js P. 
DEFINITION 2.1. A non-constant fuzzy ideal P of R is called prime iff for 
any fuzzy ideals A and B, A 0 B < P implies either A d P or B < P. 
This notion of fuzzy prime ideal coincides with that of fuzzy prime ideal 
introduced by Sen and Mukherjee [2] in the case L is the unit interval 
[0, 1) of real numbers. 
An element CI # 1 in L is called prime iff for any a, b in L, a A b < a 
implies either a<cc or bda. 
The following theorem determines all fuzzy prime ideals of R by 
establishing a correspondence between fuzzy prime ideals and pairs (I, tx), 
where I is a prime ideal of R and 0: is a prime element in L. In particular, if 
L is the unit interval [0, l] of real numbers, since every element c1# 1 is 
prime, with each such a and a prime ideal of R, we get a fuzzy prime ideal. 
THEOREM 2.1. (a) Let I be a prime ideal of R and a a prime element 
in L. Let P be the fuzzy subset of R defined by 
P(x) = 
1 if XEZ 
a otherwise. 
Then, P is a fuzzy prime ideal. 
(b) Conversely any fuzzy prime ideal can be obtained as above. 
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ProojI (a) By Corollary 1.1, P is clearly a non-constant fuzzy ideal. 
Let A and I? be any fuzzy ideals and let A & P, B < P. Then, there exist x, 
y in R, such that A(x) & P(x), B(y) & P(y). This implies that P(x)= 
a = P(y) and hence x $ Z and y 4 I. Since Z is prime, there exists an element r
in R such that xry$Z. Now, we have A(x) & a and B(ry) C CI (otherwise 
B(y) < a) and since a is prime, A(x) A B(ry) & a and hence 
(A o B)(xrj) & a = P(xry) so that A 0 B 4 P. Hence P is fuzzy prime. 
(b) Let P be a fuzzy prime ideal. We first observe that P(0) = 1. 
Suppose P(0) < 1. Since P is non-constant, there exists an element a in R 
such that P(a) < P(0). Define fuzzy subsets A and B as 
if P(x) = P(0) 
otherwise 
and 
B(x) = P(0) for all x in R. 
By Corollary 1.1, A and B are fuzzy ideals and since A(0) = 1 > P(0) and 
B(a) = P(0) > P(a) it follows that A < P, B ~4 P. Since P is fuzzy prime we 
have A o B 6 P, which is not true, since for any x and y we have clearly 
A(x) A B(y) d P(xy). Thus P(0) = 1. 
We next observe that P assumes exactly two values. Let a and b be 
elements of R such that P(a) < 1, P(b) < 1. Define A and B as 
if xE(a) 
otherwise 
and 
B(x) = P(a) for all x in R. 
By Corollary 1.1, A and B are fuzzy ideals. We have A(x) A 
B(y) < P(xy) for all x, y in R, by making use of (ii) of Lemma 1.1, and 
hence A 0 B < P. Put A & P since A(a) = 1 > P(a). Since P is fuzzy prime, 
we get B < P so that B(b) < P(b), so that P(u) < P(b). Thus P assumes only 
one value, say a, other than 1. Let Z= {x E RI P(x) = 1 }. Then clearly, Z is a 
proper ideal of R and for any x in R, 
P(x) = 
1 if XEZ 
a otherwise. 
Now it suffices to prove that Z is a prime ideal of R and a is a prime 
element in L. That a is prime follows from the fact that for any a in L and 
for the constant map ci with value a, we have a < P iff a ,< a. Let J and K be 
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ideals of R such that JK c I. Then, .%“,!XK = ZJK 6 55, < P so that X, < P or 
ZK f P, which implies that JS I or KG I. Hence the theorem. 
We now have the following corollaries. 
COROLLARY 2.1. Let I be any ideal of R. Then 3, is a fuzzy prime ideal 
of R iff I is a prime ideal of R and 0 is prime in L. 
Since every element a # 1 in a chain is prime, we have the following 
result, which includes Theorems 2 and 3 of Sen and Mukherjee [2] as 
special cases. 
COROLLARY 2.2. Let L be a complete chain and I an ideal of R. Then I is 
a prime ideal of R iff E, is a fuzzy prime ideal of R. 
We state below a very special case of Theorem 2.1. 
COROLLARY 2.3. Let L be a complete chain and P a fuzzy subset of R. 
Then, P is a fuzzy prime ideal of R iff there exist a prime ideal I of R and an 
element a < 1 in L such that 
P(x) = 
1 if XEZ 
ct otherwise. 
In particular, if Z is the ring of integers and L = [0, 11, then we have the 
following, which determines all fuzzy prime ideals of Z, correcting 
Theorem 6 of Sen and Mukherjee [2]. 
COROLLARY 2.4. If L = [0, 11, the fuzzy prime ideals of Z are just the 
fuzzy ideals P given by 
P(n) = 
1 if P/n 
Lx otherwise, 
where p is a prime integer or zero and u -C 1. 
3. MAXIMAL FUZZY IDEALS 
By a maximal fuzzy ideal of R we mean, as usual, a maximal element in 
the set of all non-constant fuzzy ideals of R under the pointwise partial 
ordering. In this section we determine all maximal fuzzy ideals of R by 
establishing a one-to-one correspondence between maximal fuzzy ideals of 
R and pairs (M, a), where M is a maximal ideal of R and u is a dual atom 
of L. If L is the unit interval [0, l] of real numbers, then, since L has no 
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dual atoms, R cannot have any maximal fuzzy ideals, even though R may 
possess plenty of maximal ideals. 
Let us recall that an element l # 1 in L is a dual atom if there is no /-I in 
L such that a < j3 < 1. Clearly, tl is a dual atom iff c1 is a maximal element of 
L- (l}. 
Now we have the following: 
THEOREM 3.1. Let A be a fuzzy subset of R. Then A is a maximal fuzzy 
ideal of R iff there exist a maximal ideal A4 of R and a dual atom u in L such 
that 
A(x)= ; 
i 
lj- XEM 
otherwise. 
Proof Let M be a maximal ideal of R and a a dual atom in L. If A is 
defined as above, then, clearly A is a non-constant fuzzy ideal (by 
Corollary 1.1). Further, if A < B, where B is a non-constant fuzzy ideal of 
R, then, MG{xERIB(x)=~}#R and hence M={xER~B(x)=~}, and 
for any x & M, CI = A(x) d B(x) < 1, and hence A(x) = B(x), which implies 
that A = B. Hence A is a maximal fuzzy ideal. 
Conversely, suppose A is a maximal fuzzy ideal of R. First we shall 
observe that A(0) = 1. For, if B is the fuzzy ideal defined by 
if A(x) = A(0) 
otherwise, 
then, A < B and hence A = B or B is a constant and in either case A(0) = 1. 
Next, we prove that A assumes exactly two values. For any c1 in L, let 
A v u be defined by 
(A v a)(x) = A(x) v a for all x in R. 
Then A v a is a fuzzy ideal since L is distributive and A <A v c1 and hence 
either A v u is constant or A = A v a. Now if A(x) < 1 and A(y) < 1, for x, 
y in R, then (A v A(x))(O) = A(0) v A(x) = 1 and (A v A(x))(x) = A(x) 
and hence A v A(x) is non-constant, so that A = A v A(x), which implies 
that A(y) = A(y) v A(x). Hence A(y) 2 A(x). By symmetry we get 
A(x) 2 A(y). Hence A(x) = A(y). Thus A assumes exactly one value, say a, 
other than 1. Now c1 is a dual atom, for if a < BE L, then, B defined by 
B(x) = 
1 if A(x)=1 
a otherwise 
is a fuzzy ideal of R and A <B, so that B is a constant, which implies that 
j?=l. Now, M={ XE R( A(x) = 1 } is a maximal ideal of R. Hence the 
theorem. 
FUZZY PRIMEIDEALSOFRINGS 103 
Since L is a distributive lattice, every dual atom in L is prime and hence 
we have the following. 
COROLLARY 3.1. If R is a ring in which each maximal ideal is prime, 
then, each maximal fuzzy ideal is fuzzy prime. 
Finally, we remark that not much generality is lost if we put A(0) = 1 in 
the definition of fuzzy ideal A. In fact, it makes things beautiful, for 
instance, the set of all fuzzy ideals forms a complete lattice, in which the 
lattice of ideals becomes a sublattice and for any fuzzy ideals A and B, 
A v B will be precisely A + B. Also, even under the absence of the con- 
dition A(0) = 1, we have seen that the fuzzy prime ideals and the maximal 
fuzzy ideals anyway take 0 to 1. 
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